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Abstract
In this paper, the Hájek-Rènyi inequality and the strong law of large numbers for
asymptotically negatively associated random variables are obtained. In particular, the
classical Marcinkiewicz strong law of large numbers for negatively associated random
variables is generalized to the case of asymptotically negative association.
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1 Introduction
Let (,F ,P) be a probability space and {Xn,n ≥ } be a sequence of random variables
deﬁned on it.
A ﬁnite family of random variables {Xi,  ≤ i ≤ n} is said to be negatively associated
(NA) if for every pair of disjoint subsets A,B ⊂ {, , . . . ,n} and any real coordinatewise
nondecreasing functions f on RA and g on RB
Cov
(
f (Xi, i ∈ A), g(Xj, j ∈ B)
)≤ . (.)
An inﬁnite family of random variables is negatively associated if every ﬁnite subfamily is
negatively associated. This concept was introduced by Joag-Dev and Proschan [].
A new kind of dependence structure called asymptotically negative association was pro-
posed by Zhang [, ] which is a useful weakening of the deﬁnition of negative association
(see also Yuan and Wu []).
Deﬁnition (Yuan and Wu []) A sequence {Xn,n ≥ } of random variables is said to be
asymptotically negatively associated (ANA) if
ρ–(r) = sup
{




Cov(f (Xi, i ∈ S), g(Xj, j ∈ T))
(Var f (Xi, i ∈ S))  (Var g(Xj, j ∈ T)) 
, f , g ∈ C
}
, (.)
and C is the set of nondecreasing functions.
©2014 Ko; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.
Ko Journal of Inequalities and Applications 2014, 2014:521 Page 2 of 9
http://www.journalofinequalitiesandapplications.com/content/2014/1/521
It is obvious that a sequence of asymptotically negatively associated random variables is
negatively associated if and only if ρ–() = . Compared to negative association, asymptot-
ically negative association deﬁnes a strictly larger class of random variables (for detailed
examples, see Zhang []).
Consequently, the study of the limit theorems for asymptotically negatively associated
random variables is of much interest.
For example, Zhang [] proved the central limit theorem, Wang and Lu [] obtained
some inequalities of the maximum of partial sums and weak convergence, Wang and
Zhang [] established the law of the iterated logarithm, and Yuan and Wu [] showed
the limiting behavior of the maximum of partial sums.
Hájek and Rènyi [] proved that if {Xn,n ≥ } is a sequence of independent random
variables with EXn =  and EXn <∞, n ≥ , and {bn,n ≥ } is a sequence of positive non-























Since then, this inequality has been of concern for more and more authors (e.g., Chow []
and Gan [] for martingales, Liu et al. [] for negatively associated random variables and
Kim et al. [] for asymptotically almost negatively associated random variables).
Inspired by Kim et al. [], we will obtain the Hájek-Rènyi inequality type for asymptot-
ically negatively associated random variables and prove the strong law of large numbers
by using this inequality.
2 Hájek-Rènyi inequality for ANA random variables
Lemma . (Yuan and Wu []) Let {Xn,n≥ } be a sequence of asymptotically negatively
associated (ANA) random variables and {an,n ≥ } a sequence of positive numbers. Then
{anXn,n≥ } is still a sequence of ANA random variables.
FromWang and Lu’s [] Rosenthal type inequality for asymptotically negatively associ-
ated random variables we obtain the following.
Lemma . Let  ≤ r <  and N be a positive integer. Let {Xn,n ≥ } be a sequence
of asymptotically negatively associated random variables with ρ–(N) ≤ r, EXn = , and















Theorem . Let {bn,n ≥ } be a sequence of positive nondecreasing real numbers and
{X, . . . ,Xn} a sequence of mean zero, square integrable ANA random variables. Let σ k =

















where D is a positive constant deﬁned in Lemma ..
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Proof First note that {Xb , . . . , Xnbn } is a sequence of mean zero, square integrable ANA ran-
domvariables by Lemma.. Thus {Xb , . . . , Xnbn } satisﬁes (.) for all coordinatewise increas-




























































































Hence by Lemma . the desired result (.) follows. 
FromTheorem., we can get the followingmore generalizedHájek-Rènyi type inequal-
ity.
Theorem . Let {bn,n ≥ } be a sequence of positive nondecreasing real numbers. Let
 ≤ r <  and N be a positive integer. Let {Xn,n ≥ } be a sequence of mean zero and
square integrable ANA random variables with ρ–(N) ≤ r and EXn < ∞. Let σ k = EXk ,























where D is a positive constant deﬁned in Lemma ..
































































Hence the proof is complete. 
3 Strong law of large numbers for ANA random variables
Using the Hájek-Rènyi inequality for ANA random variables we will prove the strong law
of large number for ANA random variables.
Theorem . Let  ≤ r <  and N be a positive integer. Let {bn,n ≥ } be a sequence
of positive nondecreasing real numbers and {Xn,n ≥ } a sequence of mean zero, square







Then, for any  < p < 
(A) E supn(|Sn|/bn)p <∞,
(B)  < bn ↑ ∞ implies Sn/bn →  a.s. as n→ ∞.























































where D is a positive constant deﬁned in Lemma ..
Hence the proof of (A) is complete.
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→  asm→ ∞. (.)











i.e., Sn/bn →  a.s. as n→ ∞. 
Corollary . Let  ≤ r <  and N be a positive integer. Let {Xn,n ≥ } be a sequence of
mean zero, square integrable ANA random variables with ρ–(N)≤ r and EXn <∞. Then,








≤ D–  – t supk σ

k m(t–)/t ,




Xj and σ n = EXn , n≥ .
Corollary . Let  ≤ r <  and N be a positive integer. Let {Xn,n ≥ } be a sequence of





where σ n = EXn , n≥ . Then, for  < t < 
(A) (Sn/n/t)→  a.s. as n→ ∞,
(B) E supn(|Sn|/n/t)p <∞ for any  < p < , where Sn =
∑n
j=Xj.
Finally, we consider almost convergence for weighted sums of ANA random variables
as applications of Theorem ..
Theorem . Let  ≤ r <  and N be a positive integer. Let {ani,  ≤ i ≤ n,n ≥ } be an
array of real numbers with ani = , i > n, supn≥
∑n
i= |ani| < ∞, and {bn,n ≥ } be a se-
quence of positive nondecreasing real numbers such that  < bn ↑ ∞ and let {Xn,n≥ } be
a sequence of mean zero, square integrable ANA random variables satisfying ρ–(N) ≤ r,





→  a.s. as n→ ∞. (.)











(ani – ani+) for ≤ i≤ n.
Then we obtain
cnn = ann,


















n→∞|cni| =  for every ﬁxed i. (.)
Note that if an array of real numbers {cni,  ≤ i ≤ n,n ≥ } satisﬁes ∑ni= |cni| < ∞ and




cnidi →  as n→ ∞. (.)
(See Kim et al. [] for more details.) 
Hence, from the above fact and (.)-(.), the desired result (.) follows.
Theorem . Let  ≤ r <  and N be a positive integer. Let {ani,  ≤ i ≤ n,n ≥ } be an
array of real numbers with ani = , i > n, supn≥
∑n
i= |ani| < ∞, and {bn,n ≥ } be a se-
quence of positive nondecreasing real numbers such that  < bn ↑ ∞ and let {Xn,n ≥ }
be a sequence of mean zero, square integrable ANA random variables with ρ–(N)≤ r and
supn σ





n/t →  a.s. as n→ ∞.
Proof By putting bn = n/t from Corollary . and Theorem ., the result follows and the
proof is omitted. 
Now we prove the Marcinkiewicz strong law of large numbers for ANA random vari-
ables by using Theorem .. The method of proof is the same as that used in the classical
Marcinkiewicz strong law of large numbers for i.i.d. random variables (see Stout [, The-
orem ..]).
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Theorem . Let  ≤ r <  and N be a positive integer. Let {Xn,n ≥ } be a sequence of
identically distributed ANA random variables with EX = , E|X|t <∞ for some  < t < 




n/t →  a.s. as n→ ∞. (.)











→  a.s. as n→ ∞, (.)
where X+j =max(Xj, ) and X–j =max(–Xj, ).
Note that {X+j , j ≥ } and {X–j , j ≥ } are sequences of identically distributed ANA ran-
dom variables. We only show (.). Equation (.) can be proved similarly.
SetYj = X+j ∧n

t , j = , , . . . ,n . Then {Yj, ≤ j≤ n} is a sequence of identically distributed
ANA random variables.

























































































n– t + E|X|t





k– t +EX+ I
(





≤ CE|X|t <∞. (.)

















































)I((k – ) t < X+ ≤ k t )
∞∑
n=k











k– t +k t –E
(
X+
)tI((k – ) t < X+ ≤ k t ) + E|X|t
≤ CE|X|t <∞. (.)
By Theorem . and (.)-(.) the proof of (.) is complete. 
Theorem . Let  ≤ r <  and N be a positive integer. Let {ani,  ≤ i ≤ n,n ≥ } be an
array of real numbers with supn≥
∑n
i= |ani| <∞ and let {Xn,n≥ } be a sequence of iden-
tically distributed ANA random variables with random variables with ρ–(N)≤ r, EX = ,




n/t →  a.s. as n→ ∞. (.)
Proof Basically, using the ideas in the proof of Theorem . and Theorem ., we can
obtain (.) and the proof is omitted. 
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